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A control problem governed by a pseudoparabolic equation on Q = 0 x (0, 7) 
where R is an open bounded set in R2 or R’ with a smooth boundary is studied. 
Here the controls are of the form v(x, t) = v(t) 6(x - a), a E R. It is observed that if 
v E L*(O, T), then the trace of the corresponding solution y(., T, v) belongs to 
L’(0). Existence, uniqueness, and regularity results are given for the optimal 
control as well as continuity results with respect to perturbation of the point a. 
1. INTRODUCTION 
Let a be a nonempty bounded open domain in RZ or R3 with a smooth 
boundary r. Let Q = R x (0, 7) and Z = r x (0, T), where T > 0 is a fixed 
finite number. We consider the problem 
My,(x, t) + Ly(x, t) = v(t) 6(x - a) in Q, (1) 
Y(X, 0) = 0 in 52, (2) 
Y(X, t) = 0 on C, (3) 
where A4 = M(x) and L = L(x) are self-adjoint uniformly strongly elliptic 
second-order partial differential operators with boundary conditions of 
Dirichlet type on 0. The problem (l)-(3) is of pseudoparabolic type [6] and 
arises from numerous physical models, for example, in fluid flow problems 
[7]. We refer to [2] for discussion and bibliography of work concerning 
problems of this type. 
Here we study the control of (l)-(3) by v in L2(0, T). Since a is in R* or 
R3, we note, from the embedding properties of Sobolev spaces [ 11, that 
d,(x) = 6(x-a) E H-‘(a), w h ere a E 0. Hence, we view Eq. (1) as holding 
in L2(0, T; H-‘(R)). Because of the operator M, however, we are able to 
consider an equation related to (1) that holds in L*(Q). Furthermore, we see 
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that the trace y(-, T, V) is in L’(Q). A property that differs from that 
observed is the parabolic case [3, 51. Finally, we study continuity properties 
of the optimal controls with respect to perturbation of the parameter a. 
2. THE INITIAL BOUNDARY VALUE PROBLEM 
We first indicate several function spaces of use in this study. Of course, 
the spaces L*(R), L’(Q), and L’(O, 7’) of Hilbert spaces of equivalence 
classes of square integrable functions are needed, as well as the Sobolev 
spaces H$), H@2), and HZ(~). We use 11. ]I,, and (., .)O and /I .l/O,O and 
(., .),,, to denote the usual norms and inner products of L*(R) and L’(Q), 
respectively. Further, ]I I ]I1 and (., a), and I]. ]I2 and (., -)* are used for H’(R) 
and H*(R). We note that the space Hi(R) f7 H*(R) is a closed subspace of 
H*(R). In addition, we shall make use of the L*(O, T; H;(R)n H2(L!)), 
H’(0, r; H;(n) n IF(R)), and L*(O, T; II-*( which is the dual of 
L*(O, T, Hi(Q)). We refer the reader to [3,4] for a discussion of these 
spaces. 
From the assumptions that r is smooth and that R is in R2 or R’, we may 
consider H*(Q) to be embedded in Co@). Actually, this follows if R satisfies 
a uniform interior cone condition [I]. From this it follows that the Dirac 
measure 6, for a E LI has meaning in that for any cp E H2(J2) 
1’ 6,(x) p(x) dx = .(’ 6(x - a) p(x) dx = q(a). 
R D 
With v E L’(O, r> we consider Eq. (1) as set in L*(O, T; He2(G)). 
However, we note that the element v(t) M-’ 6,(x) is in L’(Q), where M-’ 6, 
denotes the solution of the boundary value problem 
Mg=6, in .R, 
gIr=O. 
We show that problem (l)-(3) can be formulated as a problem having 
meaning in L’(Q). Now since the domain of M and L is H,#2) n H2(S1), the 
operator LM- ’ is a bounded operator on L*(R). Hence, we have 
(W’Lu, u). = ((LW’)* 24, u)o, 
so that M-IL has a unique extension to a bounded operator A = (L&f-‘)* 
on L*(O). Thus, we have 
y, + Ay = v(c) iv- ’ 6, in L’(Q), (1’) 
y(*, 0; v) = 0 in L*(R). (2’) 
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The solution of (l/)-(2’) may now be expressed by 
y(-, t; v) = 
I 
’ exp(-(t - s) A) V(S) M-’ 6, ds. 
0 
Another problem of interest in regard to (l)-(3) is the adjoint problem 
-A!fp,+Lp=O in L*(Q) (5) 
p(*, T) = M-VI(.) in Hi(R) n H2(f2), (6) 
where 8 E L2(J2). The solution of (5) and (6) may be given by 
p(., t) = exp(-(T- t) M-‘L) M-V(=). (7) 
Furthermore, by writing the exponential as an expansion it is clear that (7) 
may be expressed by 
p(., t)=M-‘exp(-(T-t)LM-l)O(S). (8) 
PROPOSITION 1. The problem (l)-(3) with v E L’(O, T) and a E R has a 
unique solution t t-, y(., t; v) that may be represented by Eq. (4) that is 
continuous from [0, T] into L2(J2) and dtsrentiable from [0, T] into L2(f2). 
Remark 2. From Eq. (4) it is clear that for v E L’(O, T) the trace 
y(., T, v) belongs to L’(R). This is a point of difference between 
pseudoparabolic and parabolic problems; see [4]. 
Other consequences of Eq. (4) are the following. 
PROPOSITION 3. The maps v ++ y(v) and v t-+ y(T, v) are continuous from 
the weak (strong) topology of L’(O, T) to the weak (strong) topology ofL’(Q) 
and L2(0), respectively. 
PROPOSITION 4. The maps a + y(vS,) and a + y(T, vS,) are continuous 
from J2 into the weak topologies of L’(Q) and L’(a), respectively. 
Finally, we give estimates that will be useful in the next section. 
PROPOSTION 5. Let p be the solution of (Z+(6). Then 
(9) 
for k = 0, l,.... 
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Proof. The solution of (5~(6) given by (8) yields 
II Pl12,0 < C Iled-V- t> ~M-‘~(~)lI,,, 
G c 11~110~ 
where C = C(k, M, L, Q) and is independent of 0. Since for any k = 1, 2 ,..., 
we have a”~(., t)/LQ” = (M-‘L)kp(S, t); the estimate follows. 
COROLLARY 6. The map t + p(., t) is infinitely dlrerentiable from [ 0, T] 
into HA(Q) n H’(Q). Also, the estimate 
II P(.Y t>ll2 G c 11~110 (10) 
holds for t E [0, T]. 
Proof: This is immediate from Eq. (7) or (8) and 
/I P(*, m G C(ll PIlz,o + II Ptllz.0) 
from (9). 
PROPOSITION 7. Let p be the solution of (5)-(6). Then for t E [0, T], we 
have 
I Aa, 4 -p(b, 01 < C II% la - 4”‘. 
Proof. We use the estimate [ 11, 
[@-‘u)(a) - (M-%)(b)1 < const la - bl”* II ~11~. 
From (8) we have now 
I p(a, 0 - p(b, 4 < const la - bl”* ]]exp(-(T- t)M-‘L) 81/0,0 
,< CIIU, la-4” 
3. THE QUADRATIC PROBLEM 
In this section we study a control problem governed by (l)-(3) with a 
quadratic criterion. We note existence, uniqueness, and regularity properties 
of the optimal control. 
Consider the problem 
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minimize J(V) = (vii + I] y(T; u) - z I]: 
subject to v E L’(O, 7’) 
(11) 
where z E L*(0) and u = V(X, t) = u(t) 6(x - a). 
Remark 8. As was indicated in Remark 2, for parabolic problems in 
which v E L*(O, T), the trace y(T, V) can only be said to belong to H-‘(Q). 
Thus, in order to consider (11) for the parabolic case, it is necessary to study 
the function space 
after Lions [5]. 
u = (v: v E L2(0, q, y(T; u) E L2(12)} 
The existence and uniqueness of a solution u(x, t) =p(t) 6(x - a) is a 
standard problem. Setting n(u, u) = I]v]]~~~,,~, t II y(T; v)(]i2(q), we see that 
J(.) has the form 
J(u) = n(h u> - 2(G m %(O) + II4L(R~ 
and satisfies a parallelogram identity 
t+,-v,,u,-u,)=+J(u,)t+J(u,). (12) 
The existence and uniqueness of the optimal control follow from (12); 
see [3]. 
To characterize the optimal control U(X, t) =,u(t> 6(x - a), we note that 
0 = GJ(u)(v) = 201, %(c,,T) + ~(Y(T; u) - zvY(T; U))LW,J (13) 
for all u E L*(O, T), with u(x, t) = v(t) 6(x - a). Introducing the adjoint 
problem 
-Mq,tLq=O in L’(Q) 
q(*, T) = W’(y(T; u) -z) in H;(O) n H*(G), 
(14) 
Equation 13 becomes 
i 
,’ [p(t) + da, t; u)] v(t) dl = 0 
for all v E L*(O, 7’). Hence, we see that 
p(t) = -q(a, t; u) (15) 
in L*(O, T), we conclude that p(t) is almost everywhere equal to a function in 
P([O, T]). Hence, we consider p to belong to P([O, T]). 
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THEOREM 9. There exists a unique solution u(x, t) =,u(t) 6(x - a) to 
(11). Further, p is in Cco([O, T]) and is characterized by (l)-(3), (14) and 
(15). 
We now consider the continuity of the optimal control with respect to the 
perturbation of the parameter a. We study the map a -,q,(t), where 
u,(x, t) = pa(t) 6(x - a) is the optimal control for each a in a. The map is 
well defined by Theorem 9. Let {uk} c R be such that uk -+ a where a E Q. 
We show that pk(t) =p,,(t) + ,uU,(t) in Cp([O, T]) for any p. 
Let w E L’(O, T), Wk(x, t) = w(t) 6(x - uk) for each k = 1, 2 ,..., and 
W(x, t) = w(t) 6(x - a). From Proposition 4, we see that y(T; IS’,) -+ y(T; w) 
weakly in L*(Q) as uk -+ a. We have then 
The weak convergence of y(T; IV,) implies the boundedness of 
II YV; Wllmu - Accordingly, there is a number B > 0 such that 
(16) 
for all uk. We see then that & --+p weakly in L*(O, r) and Y(c uk) -‘Y 
weakly in L’(G). 
PROPOSITION 10. Let uk+ a us k + co where uk and a belong to 0. 
Then ,uk-+,u weakly in L2(0, T) and y(T, uk) is weakly convergent in L’(0). 
Now from (15), we have for each k 
&(t) = -da,, t; uk)- (17) 
Hence, we use regularity properties of q to study convergence further in 
order to show that U(X, t) = p(t) 6(x - a) is the solution of the problem at the 
point a. 
COROLLARY 11. The following estimates hold for 0 < t < T. 
1 da,, t; uk)( < CB, 
1 q&k 3 I; %)I < cB* 
Proof. This follows from the estimates 
i&k9 c uk)l < const (1 de3 ti uk)l12 
< const IIM-’ exp(-(T- t) LM-‘)(y(T; uk) - zJ12 
,< const (I y(T; uk) - z II,, , O<t<T, 
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and 
(q,(a,, t; uJ < const j(M-‘LM-’ exp(-(T- t) LM-‘)(y(T; uk) - z)112 
< cona II Y(T; uk) - z Ilo, O<t<T, 
and Proposition 10. 
Estimates of the type above, an application of the Arzela-Ascoli theorem 
and an application of the Cantor diagonal process imply the following. 
PROPOSITION 12. There exists a subsequence {k} such that {q(a,, t; u,J} 
convverges in Cp[O, T] for each p > 0. 
COROLLARY 13. puk -+ ,u in Cp[O, T] for each p > 0. 
Proof: This follows from Proposition 10, Eq. (17), and Proposition 12. 
PROPOSITION 14. Let u(x, t) = p(t) 6(x - a). Then y(T; uk) + y(T; u) 
weakly in L*(0). 
Proof. Let 19 E L*(R) and v/ = 0 in (6) and (7). We consider 
= 
i 
[p(t) 6(x - ad - ,W 6(x - a>] P(-G c 4 dQ Q 
= 
i 
&t)[b(x - a,J - 6(x - a)] P(X, t; 0) dQ 
Q 
+ 
I 
[p/((t) - At)1 fqx - a) P(X9 t; 0) dQ 
Q 
= 
1 
~Tpk(t)[p(ak. t; e) -P(u, t; e)l dt 
0 
+ 
I 
o’ lm -iuw Pb t; 0) dt. 
For the first integral we see that 
J -T Pk(N P(U k, t; 8) - P(U, t; e)) dt 0 
(ph t; 0) - Pb t; 8))* df ]. 
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From Proposition 7, we see that 
.T 
J 
(p(a,, t; 8) -~(a, t; @I’ dt < C 11~112 la/s - al T. o 
Thus, as uk-+ a we see that the first integral approaches zero. The 
convergence of the second integral follows from the convergence of pk. 
PROPOSITION 15. There exists u subsequence {,u~}?!, with the property 
that 
da, t; u/J -+ 4(% t; u> 
uniformly with respect to t E [0, T]. 
Proof We note 
I cl@, c Uk) - da, t; u)l = IM- ’ exp(-(T- t>LM-‘)(y(T; uk) -y(T; u))(a)1 
=1(6,,M-‘exp(-(T-tt)LM-‘(y(T;u,)-y(T;u)))l 
= I(exp(-(T- t) LM-I)* M-r 6,, y(T; u,J - y(T; u))l. 
(18) 
Now from Proposition 14 we see that y(T; u,J - y(t; u) -+ 0 weakly in L*(LI). 
Hence, we see that the right side of (18) approaches zero for each t E [0, T]. 
Since the set (exp(-(T - t)(LM-I))* M-’ 6, : 0 < t < T} is compact in 
L*(Q), the convergence is uniform with respect to t. Finally, we have the 
following for t E [0, T]: 
I&, c u> + ,4t)l < I q@, c u) - da, t; %)I 
+ I da, t; u/J - &, 3 c UJI 
+ IeM) - lwl* (19) 
The first term and third terms on the right side of (19) converge uniformly 
on [0, T] by Proposition 15 and Corollary 13, respectively. The uniform 
convergence of the second term on [0, T] is a consequence of Proposition 7 
and Proposition 14. Hence, we have the result. 
THEOREM 16. Given a E R with {uk}~=, c Q such that uk -+ a. Then, for 
any p, ,uk +,u in Cp[O, T] where ,uk is the solution of the optimal control 
problem (11) associated with uk and u,(x, t) =,uk(t) 6(x - uk) and p is the 
solution of the problem for a. 
Remark 17. While Theorem 16 was proved for a subsequence it is clear 
that it holds for any sequence uk where uk + a. 
374 L. W. WHITE 
ACKNOWLEDGMENTS 
The author would like to express his gratitude to Professor J. L. Lions for enlightening 
discussions that motivated this study and to the referee whose suggestions improved this 
paper. 
REFERENCES 
I. R. ADAMS, “Sobolev Spaces,” Academic Press, New York, 1975. 
2. R. W. CARROLL AND R. E. SHOWALTER, “Singular and Degenerate Cauchy Problems,” 
Academic Press, New York, 1976. 
3. J. L. LIONS, “Optimal Control of Systems Governed by Partial Differential Equations” 
(translated by S. K. Mitter), Springer-Verlag, New York, 1971. 
4. J. L. LIONS AND E. MAGENEs,“Non-Homogeneous Boundary Value Problems and 
Applications” (translated by P. Kenneth), Vol. II, Springer-Verlag, New York, 1972. 
5. J. L. LIONS. “Optimal Control of Distributed Systems and New Function Spaces,” Karcher 
Lecture, The University of Oklahoma, June, 1979. 
6. R. E. SHOWALTER AND T. W. TING, Pseudo-parabolic partial differential equations, SIAM 
J. Math. Anal. 1 (1970), pp. l-26. 
7. T. W. TING, Certain non-steady flows of second-order fluids, Arch. Rational Mech. Anal. 
14 (1963), pp. l-26. 
